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on certain almost-Riemannian manifolds
U. Boscain∗, D. Prandi†and M. Seri‡
September 2, 2018
We study spectral properties of the Laplace-Beltrami operator on two relevant almost-
Riemannian manifolds, namely the Grushin structures on the cylinder and on the sphere.
This operator contains first order diverging terms caused by the divergence of the volume.
We get explicit descriptions of the spectrum and the eigenfunctions. In particular in both
cases we get a Weyl’s law with leading term E logE. We then study the drastic effect of
Aharonov-Bohm magnetic potentials on the spectral properties.
Other generalised Riemannian structures including conic and anti-conic type manifolds
are also studied. In this case, the Aharonov-Bohm magnetic potential may affect the self-
adjointness of the Laplace-Beltrami operator.
1 Introduction
A 2-dimensional almost-Riemannian structure is a generalized Riemannian structure that can be locally
defined by a pair of smooth vector fields on a 2-dimensional manifold, satisfying the Ho¨rmander condition
(see for instance [2, 8]). These vector fields play the role of an orthonormal frame. Where the linear
span of the two vector fields is 2-dimensional, the corresponding metric is Riemannian. Where it is
1-dimensional, the corresponding Riemannian metric is not well-defined. Generically this happens on a
1-dimensional submanifold denoted by Z. However, thanks to the Ho¨rmander condition, one can still
define a distance between two points (called Carnot-Carathe´odory distance), which happens to be finite
and continuous. See [3, 13].
Almost-Riemannian structures were introduced in the context of hypoelliptic operators [6, 19, 22].
They appeared in problems of population transfer in quantum systems [11, 12] and have applications
to orbital transfer in space mechanics [9]. From a theoretical point of view, they present interesting
phenomena. For instance, the singular set acts as a barrier for the heat flow and for a quantum particle,
even though geodesics can pass through the singular set without singularities [14, 15].
Not much is known about spectral properties of the Laplace-Beltrami operator on almost-Riemannian
structures. The only exception is the discreteness of the spectrum under some general assumptions in the
compact case, proved in [14]. We remark that this result is not trivial since the considered structures,
when genuinely almost-Riemannian, have always infinite volume. Hypoelliptic Laplacians associated
with rank-varying sub-Riemannian structures, of which almost-Riemannian structures are a particular
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case, have been studied by Montgomery [27]. In particular he presented an interesting analysis of the
ground state of these operators and their connection with the presence of abnormal extremals. He also
provided a remarkable interpretation of the problem in terms of a quantum particle in a magnetic field.
In this paper we study the spectral properties of the Laplace-Beltrami operator ∆ in two relevant
almost-Riemannian structures with infinite volume: the Grushin cylinder and the Grushin sphere. The
former is a compactification along the y axis of the well-known Grushin plane, while the latter has been
first defined in [12]. In particular, we obtain an explicit description of the spectrum, the eigenfunctions,
and the corresponding Weyl’s law for the counting function of the discrete part of the spectrum:
N(E) := #{λ ∈ σd(−∆) | λ ≤ E}. (1.1)
Remarkably the leading order turns out to be E log(E), which is fairly unusual for Laplace-Beltrami
operators on 2-dimensional Riemannian manifolds [10, 24, 30, 32].
In these settings, we also investigate the effects of hidden magnetic fluxes on the spectrum. To this
purpose, we introduce a magnetic vector potential for the zero magnetic field whose flux is non zero. In
the Euclidean case, it is well understood that these fluxes, despite being classically invisible, affect the
wave functions by introducing a change of phase. This is known as Aharonov-Bohm effect [1, 18] and
requires the space to be non simply connected (one can imagine that these hidden fluxes are generated
by fields defined only in the points removed from the space).
The picture changes completely for asymptotically hyperbolic manifolds with cusps. In such cases,
as proved in [21], a change in vector potentials (that preserves the magnetic fields, including the zero
field) can drastically modify the spectral properties of the operator, e.g. by destroying the absolutely
continuous component of the spectrum. In this work we show that the same phenomenon is present
in almost-Riemannian manifolds. While it is known that such phenomena can appear in presence of
magnetic degenerations [23, 25], it is very surprising to see them triggered simply by the variation of a
magnetic parameter.
Due to the explicit nature of our examples, we are able to define a continuous parametrisation of
the Ahronov-Bohm vector potentials. This enable us to follow closely the mechanisms of spectral
accumulation in the limit in which a trapping vector potential (i.e. a vector potential for which the
spectrum is purely discrete) becomes non-trapping (i.e. a vector potential for which the absolutely
continuous spectrum is present). In particular we can explicitly describe the family of eigenfunctions
that degenerates into generalised eigenfunctions.
Finally, with the same techniques we are also able to study spectral properties of the Laplace-Beltrami
operator on conic and anti-conic surfaces of the type considered in [15]. Here, the Aharonov-Bohm effect
affects not only the spectrum but also the self-adjointness properties of the operator.
Explicit results similar to the ones presented in this paper can be obtained also for Laplace-Beltrami
operators on certain examples of n-dimensional almost-Riemannian manifolds. We omit the details
of such cases but the few known explicit examples seem to point to a general behaviour for the sub-
Riemannian Weyl’s law.
Open problem. Given an n-dimensional almost-Riemannian manifold M for which the associated
Laplace-Beltrami operator ∆ is essentially self-adjoint on a connected component Ω of M \Z, it would
be interesting to relate the Weyl law for the discrete part of the spectrum of ∆ to the Hausdorff
dimensions of Ω and of ∂Ω. This problem is connected to the recent papers [16, 20].
Unfortunately, the techniques used in this paper rely heavily on the integrability of the geodesic
equation of the structures under consideration, and are not suitable to study generic almost-Riemannian
manifolds. See also the related paper [14].
Structure of the paper. In Section 2 we introduce the setting and our results. Section 3 contains
the proof of the theorems for the Grushin cylinder. Section 4 contains the proof of the theorems for the
Grushin sphere.
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(a) geodesics starting from the singular set (red circle),
up to t=1.7. The black (self-intersecting) curve line is
the wave front (i.e., the end point of all geodesics at
time 1.7)
(b) geodesics starting from the the point (0.3,0). Notice
that they cross the singular set (red circle) with no singu-
larities.
Figure 2.1: Geodesics for the Grushin cylinder for t ∈ [0, 1.7]. For their analytic expression see [14].
Notation. We use the conventions R∗ = R \ {0}, 0 6∈ N and N0 = {0} ∪ N. The ceiling and floor
functions are respectively denoted by ⌈·⌉ and ⌊·⌋.
2 Setting and main results
In this paper we consider only trivializable almost-Riemannian structures. For a more general definition
of (possibly non-trivializable) almost-Riemannian structures we refer to [2, 3, 4].
Definition 2.1. A trivializable almost-Riemannian structure is a triple (M,X1,X2) where M is a
2-dimensional smooth manifold and X1,X2 are two smooth vector fields satisfying the Ho¨rmander
condition.
From now on, we drop the term “trivializable”. The pair (X1,X2) is called the generating frame of
the almost-Riemannian structure. We denote the span of X1 and X2 by N(q) := span{X1(q),X2(q)}.
The set where N(q) is one dimensional is called the singular set and it is denoted by Z. Notice that,
thanks to the Ho¨rmander condition, N(q) is either one or two dimensional. Generically the singular set
is a one dimensional sub-manifold of M and beside isolated points N(q), q ∈ Z, is not tangent to Z
[13].
For q1, q2 ∈ M it is possible to define a natural concept of distance, called Carnot-Carathe´odory
distance. This endows the manifold with a metric structure compatible with its original topology, see
[2, 8, 28]. On M \Z, the Carnot-Carathe´odory distance is the Riemannian distance for which (X1,X2)
is an orthonormal frame.
The presence of a Riemannian metric onM\Z allows for a natural concept of volume – the Riemannian
volume dω – which diverges while approaching Z. We can then define the Laplace-Beltrami operator
∆ on L2(M \ Z, dω) in the standard way
∆ := d∗d, d∗ := ⋆d⋆, (2.1)
where d is the exterior differential and ⋆ is the Hodge star operator. Analogously we define the magnetic
Laplace-Beltrami operator associated with a magnetic vector potential A ∈ Ω1(M) as ∆A := (d +
A)∗(d+A) on L2(M \ Z, dω). The associated magnetic field is B = dA.
Let (M,X1,X2) be an almost-Riemannian structure and (Y1, Y2) be a rotation of (X1,X2), possibly
depending smoothly on the point. Then, we say that (M,X1,X2) and (M,Y1, Y2) are two equivalent
almost-Riemannian structures. In particular, they define the same N and the same Carnot-Carthe´odory
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Grushin cylinder Grushin sphere
M R× S1 S2
x ∈ (−π/2, π/2), φ ∈ [0, 2π]/ ∼
Coordinates x ∈ R, θ ∈ [0, 2π]/ ∼ These coordinates are singular in x = ±π/2
(X1,X2) X1(x, θ) =
(
1
0
)
, X2(x, θ) =
(
0
x
)
X1(x, φ) =
(
1
0
)
, X2(x, φ) =
(
0
tan x
)
Singular {x = 0}
set Z {x = 0} The singularity {x = ±π/2}
is due to the system of coordinates.
Volume dω
1
|x|dx dθ
1
| tan(x)|dx dφ
Laplace-Beltrami ∆ ∂2x −
1
x
∂x + x
2∂2θ ∂
2
x −
1
sin(x) cos(x)
∂x + tan(x)
2∂2φ
The Grushin sphere can be defined as S2 = {y21 + y22 + y23 = 1} with the
orthonormal frame Y2 = (0,−y3, y2)T , Y1 = (−y3, 0, y1)T . In this case,
Z = {y3 = 0, y21 + y22 = 1}. The above representation is obtained by
passing in spherical coordinates (cosx cosφ, cosx sin φ, sin x) and letting
X1 = cos(φ− π/2)Y1 − sin(φ − π/2)Y2 = (1, 0)T ,
X2 = sin(φ − π/2)Y1 + cos(φ− π/2)Y2 = (0, tanx)T .
Table 1: The Grushin cylinder and the Grushin sphere.
distance. For every point q0 ∈ M there always exists a local system of coordinates (x, y) on a neigh-
borhood U of q0 such that the almost-Riemannian structure (M |U ,X1,X2) is equivalent to (V, Y1, Y2),
V ⊂ R2, where
Y1(x, y) =
(
1
0
)
, Y2(x, y) =
(
0
f(x, y)
)
,
for some smooth function f . (See [3].) With this choice, the singular set Z is the zero-level set of f .
On U \ Z the Riemannian metric g, the area element dω, and the Laplace-Beltrami operator ∆ are
g(x, y) = dx2 +
dy2
f(x, y)2
, dω =
dx dy
|f(x, y)| , ∆u = ∂
2
xu+ f
2∂2yu−
∂xf
f
∂xu+ f(∂yf)∂yu.
In this paper we are going to focus mainly on the Grushin cylinder and the Grushin sphere presented
in Table 1.
2.1 Spectra of the Laplace-Beltrami operators
Let M be the Grushin cylinder. In [14] it has been shown that the Laplace-Beltrami operator, with
domain C∞c (M \ Z), is essentially self-adjoint on L2(M,dω) and separates in the direct sum of its
restrictions to M± = R± × S1. Therefore, without loss of generality we focus on ∆ on M+.
Theorem 2.1 (Grushin cylinder case). The operator −∆ on L2(M+, dω), defined in Table 1, has
absolutely continuous spectrum σ(−∆) = [0,∞) with embedded discrete spectrum
σd(−∆) = {λn,k = 4|k|n | n ∈ N, k ∈ Z \ {0}} .
The corresponding eigenfunctions are given by ψn,k(x, θ) = e
ikθ 1
x
Wn, 1
2
(|k|x2), where Wν,µ is the
Whittaker W -function with parameters ν and µ.
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With the above explicit description, it is possible to calculate the Weyl’s law for the Laplacian on the
Grushin cylinder, intended as the asymptotic number of eigenvalues and embedded eigenvalues below
the threshold energy E.
Corollary 2.2 (Grushin cylinder case). The Weyl’s law with remainder as E → +∞ is
N(E) =
E
2
log(E) + (γ − 2 log(2)) E
2
+O(1),
where γ is the Euler-Mascheroni constant.
Similar results hold for the Laplace-Beltrami operator on the Grushin sphere. As shown in [14], this
operator is essentially self-adjoint in L2(S2, dω) and its spectrum is purely discrete. As in the cylinder
case, it separates in the direct sum of its restrictions to the north and south hemispheres S±, cut along
the equatorial singularity. Thus, we without loss of generality we consider ∆ on the north hemisphere
S+.
Theorem 2.3 (Grushin sphere case). The operator −∆ on L2(S+, dω), defined in Table 1, has purely
discrete spectrum
σd(−∆) := {λn,k := 4n(n+ |k|) | n ∈ N, k ∈ Z} .
The corresponding eigenfunctions are
ψn,k(x, φ) = e
ik(φ+pi2 ) cos(x)kF
(
−(n+ 1), n+ k + 1; 1 + k; cos(x)2
)
where F (a, b; c;x) is the Gauss Hypergeometric function with parameters a, b, c.
Corollary 2.4 (Grushin sphere case). The Weyl’s law with remainder as E → +∞ is
N(E) =
E
4
log(E) +
(
γ − log(2)− 1
2
)
E
2
+O(
√
E),
where γ is the Euler-Mascheroni constant.
2.2 Spectra of the Aharonov-Bohm magnetic Laplace-Beltrami operator
To mimic the Ahronov-Bohm effect for the Laplace-Beltrami operator in the Grushin cylinder we consider
the vector potential Ab := −ib dθ, b ∈ R. The associated magnetic Laplace-Beltrami operator on the
Grushin cylinder reads
∆b = ∂2x −
1
x
∂x + |x|2(∂2θ − 2ib ∂θ − b2). (2.2)
Theorem 2.5 (Grushin cylinder case). The operator −∆b on L2(M+, dω) has non-empty discrete
spectral component
σd(−∆b) =
{
λbn,k := 4n|k − b| | n ∈ N, k ∈ Z \ {b}
}
. (2.3)
When b ∈ Z the operator has in addition absolutely continuous spectrum [0,+∞). When b 6∈ Z
the spectrum has no absolutely continuous part. In any case, the eigenfunctions are ψbn,k(x, θ) =
eikθ 1xWn, 1
2
(|k − b|x2).
Corollary 2.6. If b ∈ Z, the Weyl’s law is the one of Corollary 2.2. If b 6∈ Z, let κ ∈ Z be the closest
integer to b. Then, the Weyl’s law with remainder as E → +∞ is
N(E) =
E
2
log(E) +
E
2
(
1
2|κ− b| + γ − 2 log(2) −
ψ(1− |κ− b|) + ψ(1 + |κ− b|)
2
)
+O(1),
where γ is the Euler-Mascheroni constant and ψ(x) is the digamma function. Here, the O(1) is uniformly
bounded with respect to b.
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Figure 2.2: The first row shows the spreading of the projection onto θ = 0 of ψbjnj ,0(x) as j increases for λ = 3.75.
The second row shows the spreading of the projection onto θ = 0 of ψb
n(b),0(x) as b→ 0 for λ = 3.75.
See Theorem 2.9 and Remark 2.3
Remark 2.1. Notice that N(E) diverges for b → κ since, in this limit, part of the discrete spectrum
accumulates into the absolutely continuous component.
For this operator, we can explicitly describe the degeneracy of the spectrum, as function of b.
Theorem 2.7 (Degeneracy of the spectrum in the Grushin cylinder case). Let d(n) denote the number
of divisors of n. Then,
• If b ∈ R \Q, the spectrum is simple.
• If b ∈ Q, the discrete spectrum is degenerate in the following sense: each eigenvalue λ has
multiplicity bounded from above by 2d(λ/4).
• If b ∈ Z, the eigenvalues achieve the maximal degeneracy and the multiplicity is exactly{
2d(λ/4), if λ/4 is odd,
2d(λ/4) − 2, if λ/4 is even. (2.4)
Remark 2.2. A direct consequence of the previous theorem is that the maximal multiplicity of the
eigenvalues has very slow growth. In fact, it is well known [5] that as n → ∞ we have d(n) = o(nǫ),
for any ǫ > 0.
Finally, we can give deeper information on the spectral accumulation in the limit b → k and the
corresponding degeneration of the eigenfunctions. As an immediate consequence of Theorem 2.5 we
have the following.
Corollary 2.8 (Spectral accumulation on the Grushin cylinder). Fix k ∈ Z. Then, for every n ∈ N, the
level spacing satisfies |λbn,k − λbn−1,k| → 0 as b → k. Moreover, for any fixed interval I = [x1, x2] ⊂
[0,∞) and any N ∈ N, we have #{n ∈ N | λbn,k ∈ I} ≥ N as b→ k.
Theorem 2.9 (Degeneration of the eigenfunctions on the Grushin cylinder). Fix k ∈ Z. Then for any
λ ∈ Q, λ > 0, there exist a sequence of pairs (bj , nj) ∈
(
k − 12 , k + 12
)
×N, with bj → k and nj →∞,
such that
ψ
bj
nj ,k
(x, θ)→ eikθ
√
λ
2
J1(
√
λx) (2.5)
uniformly on compact sets, where Jν(z) is the Bessel function of the first kind of order ν. The limit
function on the r.h.s. is the generalised eigenfunction of ∆b with generalized eigenvalue λ (see Re-
mark 3.1).
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Figure 2.3: The dots correspond to the eigenvalues up to energy 5 for some values of b as it gets closer to κ = 0.
The thick red dot represents the only embedded eigenvalue λ = 4 of the operator with b = 0 up to
energy 5. The grey line is the the curve λb
n(b),κ (see Remark 2.3) converging to 1.75 as b→ κ. The
purple one is the curve λb
n(b),κ converging to 3.75.
Remark 2.3. Theorem 2.9 can be rewritten as follows. For every λ > 0, let n(b) := 2
⌈
λ
8|b−k|
⌉
. Then
limb→k ψbn(b),k(x, θ) = e
ikθ
√
λ
2 J1(
√
λx) uniformly on compact sets. The proof is similar to the one of
Theorem 2.9 with nj replaced by n(b).
For what concerns the Aharonov-Bohm effect on the Grushin sphere, since S2 is simply connected any
closed form is exact and, hence, we cannot hope to obtain an Aharonov-Bohm effect without artificially
poking a hole in the manifold. This is the same phenomena as in the original Aharonov-Bohm effect
[1, 18].
We will thus consider the magnetic Laplace-Beltrami operator induced by the magnetic vector poten-
tial Ab := −ib dφ on the north hemisphere of S2 with removed north pole S◦+ and Dirichlet boundary
conditions. Note that on S◦+ the corresponding magnetic field is 0. The corresponding operator is
∆b = ∂2x −
1
sin(x) cos(x)
∂x + tan(x)
2
(
∂2φ − 2ib∂φ − b2
)
. (2.6)
Theorem 2.10 (Grushin sphere case). The operator −∆b defined in (2.6) and acting on L2(S◦+, dω),
has purely discrete spectrum
σd(−∆b) = {λn,k = 4n(n+ |k − b|) | n ∈ N, k ∈ Z}.
The corresponding eigenfunctions are given by
ψn,k(x, φ) = e
ikφei(k−b)
pi
2 cos(x)k−b F
(
−(n+ 1), n + k − b+ 1; 1 + k − b; cos(x)2
)
.
Corollary 2.11. The Weyl’s law with remainder as E → +∞ is
N(E) =
E
4
log(E) +
(
γ − log(2)− 1
2
)
E +O(
√
E),
where γ is the Euler-Mascheroni constant, and the big O is uniformly bounded with respect to b.
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Notice that the first two orders of the asymptotic expansion of N(E) are independent of Aharnov-
Bohm potential, indeed the parameter b is hidden in the remainder term.
Corollary 2.12 (Degeneracy of the spectrum in the Grushin sphere case). If b ∈ R \Q the spectrum is
simple, if b ∈ Q the spectrum is finitely degenerate.
A brief but more detailed discussion on the degeneracy can be found in Section 4.
2.3 Additional results on general conic and anti-conic type surfaces
The effect of the Aharonov-Bohm perturbation can be even stronger than the one we saw in almost-
Riemannian geometry when considering the more general structures studied in [15]. For any α ∈ R
consider on M := R∗ × S1 the orthonormal frame
X1(x, θ) :=
(
1
0
)
, X2(x, θ) :=
(
0
|x|α
)
, (x, θ) ∈M.
That is, we consider on M the Riemannian metric gα = dx
2 + x−2αdθ2. The associated Riemannian
volume is dωα = |x|−αdxdθ.
For any α ≥ 0, this metric can be completed in R×S1 in such a way that the corresponding distance
induces the topology of a cylinder. In particular, when α is a positive integer this is a trivializable
almost-Riemannian structure in the sense of Definition 2.1. When α < 0 this metric can be extended in
R× S1/ ∼, where p ∼ q if p = q or p, q ∈ {0} × S1. The corresponding distance induces on R× S1/ ∼
the topology of a cone.
The Laplace-Beltrami operator on L2(M,dωα) with the Ahronov-Bohm vector potential Ab = −ibdθ
is
∆b = ∂
2
x + |x|2α∂2θ + |x|2α
(
∂2θ − 2ib∂θ − b2
)
,
where in particular ∆ = ∆0.
As in [15], the Fourier decomposition L2(M,dωα) =
⊕∞
k=0 Hk, Hk ≃ L2(R∗, |x|−αdx), yields on
each Hk the operator
∆ˆbα,k = ∂
2
x −
α
x
∂x − |x|2α(b− k)2. (2.7)
We recall that ∆ˆα,k = ∆ˆ
0
α,k.
Proposition 2.13 ([15]). The operator ∆α on L
2(M,dωα) with domain C
∞
c (M) is essentially self-
adjoint if and only if α ≥ 1 or α ≤ −3. Moreover, on C∞c (R∗):
• if −3 < α ≤ −1 for every k 6= 0 the operator ∆ˆα,k is essentially self-adjoint, while ∆ˆα,0 is not;
• if −1 < α < 1, every ∆ˆα,k is not essentially self-adjoint.
The proof of Proposition 2.13 applied to (2.7) yields the following.
Theorem 2.14. If b 6∈ Z, the operator ∆bα with domain C∞c (M) is essentially self-adjoint in L2(M,dω)
if |α| ≥ 1, and Proposition 2.13 still applies for |α| < 1.
On the other hand, if b ∈ Z, Proposition 2.13 holds with the following change: if −3 < α ≤ −1 for
every k 6= b the operator ∆ˆbα,k is essentially self-adjoint, while ∆ˆbα,b is not.
The Aharonov-Bohm effect on the spectrum extends to this more general setting as follows.
Theorem 2.15. For α > 0, the operator −∆bα on L2(M,dωα) has a non-empty discrete spectral
component σd(−∆bα) ⊂ [0,+∞). When b ∈ Z the operator has absolutely continuous spectrum
[0,+∞) with embedded discrete spectrum. When b 6∈ Z the spectrum has no absolutely continuous
part.
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Proof. For b 6= k, the spectrum of the operators ∆ˆbα,k (or of any of their self-adjoint extensions) is
purely discrete (see e.g. [33, Chapter 5]). For b = k, on the other hand, the essential spectrum of ∆ˆbα,k
is non-empty and in particular it contains the half line [0,+∞) (see e.g. [34, Theorem 15.3]).
The previous theorems suggest that, for b = 0 and α > 0, the 0-th Fourier component, is the only
responsible for the continuous spectrum. The Aharonov-Bohm perturbation, when b ∈ Z, shifts this role
to the b-th Fourier component. When b /∈ Z, no Fourier component produces a continuous spectrum.
This is a well-known phenomena in the case of asymptotically hyperbolic manifolds with finite volume
[21], but completely new in this setting.
Further study of the cases α < 0 is outside the scope of this paper. Note that the case α = −1
considered on R+ × S1 coincides with the usual Aharonov-Bohm Laplacian in polar coordinates. More-
over, in the case α = −1/2, −∆bα has discrete spectrum accumulating at 0 and absolutely continuous
spectrum in [0,+∞). When b 6∈ Z an additional family of eigenvalues accumulating at 0 appears.
3 Proofs of the results on the Grushin cylinder
Using the Fourier decomposition with respect to the variable θ introduced in Section 2.3, one gets
L2(M+,dω) =
⊕
k∈ZHk, where Hk ≃ L2
(
R+,
1
xdx
)
. The Laplace-Beltrami operator decomposes as
∆ =
⊕
k∈Z ∆̂k, where ∆̂k = ∂2x − 1x∂x − k2x2. Since ∆ is essentially self-adjoint, each ∆̂k is a self-
adjoint operator on the closure with respect to the graph norm of C∞c (R+). The unitary transformation
U : L2
(
R+,
1
xdx
)
→ L2(R+, dx) defined by Uv(x) :=
√
xv(x), then transforms the operator ∆̂k into
Lk := U∆̂kU
−1 = ∂2x −
3
4
1
x2
− k2x2, D(Lk) = U D(∆̂k). (3.1)
3.1 Spectral properties of the Laplace-Beltrami operator
Since the spectrum is invariant under unitary transformations, it’s well known (see e.g. [31]) that we
can reduce the study of the spectrum of ∆ to that of the operators Lk.
Proof of Theorem 2.1. The operator −L0 is the Schro¨dinger operator on the real line with a Calogero
potential of strength 3/4. It is well-known that this operator has continuous spectrum [0,+∞), see e.g.
[31, Sec. VIII.10].
Let now k 6= 0. We want to compute the solutions of the eigenvalue problem
(Lk − λ)u = 0 ⇐⇒ (∆̂k − λ)U−1u = 0. (3.2)
With the change of variables |k|x2 7→ z and multiplying by 4k2z, the previous equation reduces to
∂2zv(z) +
(
−1
4
+
λ
4z|k|
)
v(z) = 0.
This is the well-known Whittaker equation, whose solutions are the Whittaker functions M λ
4|k|,
1
2
(z) and
W λ
4|k|
, 1
2
(z). The solutions of the eigenvalue problem (3.2) are then
u1(x) =
1√
x
M λ
4|k|
, 1
2
(|k|x2), u2(x) = 1√
x
W λ
4|k|
, 1
2
(|k|x2).
Through the asymptotic expansions of Mν,µ and Wν,µ (see e.g. [7]) one observes that u1 is never
square-integrable near infinity. On the other hand, u2 ∈ L2(R+) if and only if there exists a non-negative
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integer ℓ such that −ℓ = 12−ν+µ = 12− λ4|k|+ 12 . Namely, for any k ∈ N there exists a sequence {λn,k =
4|k|n}n∈N of eigenvalues with (non-normalized) eigenfunction x 7→ ψn,k(x) = Wn, 1
2
(|k|x2)/√x.
Let k = 0. Then, the operator L0 given by (3.1) can be interpreted as a Laplace operator with a
relatively infinitesimally-bounded perturbation. It is a well known result [31] that its spectrum is purely
absolutely continuous and equal to [0,∞).
The statement now follows from the definition of U−1 and standard spectral considerations (see e.g.
[31]).
Remark 3.1. Observe that (3.1) can be explicitly solved, it’s solutions being of the formc1x3/2 +
c2√
x
for λ = 0,
c1
√
x J1(
√
λx) + c2
√
x Y1(
√
λx) for λ > 0,
(3.3)
where J1 and Y1 are the Bessel functions of order 1. In particular, for λ ≥ 0 one has the explicit form
of the generalised eigenfunctions of the absolutely continuous spectrum of L0.
Proof of Corollary 2.2. Let N(E) be defined as in (1.1). By Theorem 2.1, the following holds:
#{λ ∈ σp(−∆) | λ ≤ E} = #{(n, k) ∈ N× Z \ {0} | 4n|k| ≤ E}. (3.4)
For fixed k ∈ Z\{0}, this implies that the couples (n, k) in the r.h.s. above are such that n ≤ E/(4|k|).
Moreover, it is clear that for any |k| > E/4, no couple (n, k) is admissible. These facts and (3.4) imply
N(E) =
∑
0<|k|≤E
4
E
4|k| =
E
2
⌊E/4⌋∑
ℓ=1
1
ℓ
.
It follows from the well-known asymptotic formula (see e.g. [17])
n∑
m=1
1
m
= log(n) + γ +
1
2n
+O
(
1
n2
)
, (3.5)
where γ is the Euler-Mascheroni constant, that as E → +∞
N(E) =
E
2
(
log
(
E
4
+ γ +O
(
1
E
)))
=
E
2
log(E) + (γ − 2 log(2)) E
2
+O(1).
3.2 Aharonov-Bohm effect
The magnetic Laplace-Beltrami operator on M+ with Aharonov-Bohm vector potential Ab := −ib dθ,
b ∈ R, is defined in (2.2). After the transformation U , introduced above, we obtain the following
operator acting on L2(M+, dx dθ):
Lb = U ∆
b U−1 = ∂2x −
3
4
1
x2
+ x2 (∂θ − ib)2 .
Through a straightforward extension of the proof of Theorem 2.1, we immediately get Theorem 2.5.
For b ∈ Z it is evident that the role of L0 in the proof of Theorem 2.1 is now taken by Lb.
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Proof of Corollary 2.6. Without loss of generality we restrict ourselves to b ∈ (−1/2, 1/2), therefore
κ = 0. Clearly, if b = 0 the statement reduces to the one of Corollary 2.2. Assume b 6= 0.
Replacing k with |k − b| in the proof of Corollary 2.2 we observe that for k = 0 the additional term
E/4|b| appears in the count. Thus, we can rewrite the counting function as
N(E) =
E
4
⌊E/4⌋∑
k=1
1
k + b
+
E
4|b| +
E
4
⌊E/4⌋∑
k=1
1
k − b .
We now apply the following identity (see e.g. [29])
n∑
k=1
1
k + x
= ψ(n+ x+ 1)− ψ(1 + x),
and the asymptotic estimate ψ(x + 1) = log(x) + γ + 12x + O
(
1
x2
)
as x → ∞, where ψ(x) is the
digamma function and γ is the Euler-Mascheroni constant. By a straightforward computation we obtain
N(E) =
E
4
(ψ (⌊E/4⌋ + b+ 1)− ψ(1 + b)) + E
4|b| +
E
4
(ψ (⌊E/4⌋ − b+ 1)− ψ(1 − b))
=
E
2
log(E) +
E
2
(
1
2|b| + γ − 2 log(2)−
ψ(1 − b) + ψ(1 + b)
2
)
+O(1).
The general result then follows by shifting the above computation with b 7→ |κ− b|.
We can now precisely determine the degeneracy of the eigenvalues as functions of b.
Proof of Theorem 2.7. The proof consists of three cases.
Case 1, b ∈ R \Q: This immediately implies that |k − b| ∈ R \Q. It is then straightforward to show
that there exist no (n′, k′) 6= (n, k) such that λbn′,k′ = λbn,k.
Case 2, b ∈ Q: Let us write b = p/q with p, q ∈ Z such that (p, q) = 1. Fix (n, k) and (n′, k′) 6= (n, k)
such that λbn,k = λ
b
n′,k′ . Then,
4n′|qk′ − p| = qλbn,k. (3.6)
Without loss of generality assume that qk′ > p. Then, since 4n′|qk′ − p| cannot divide q because
(q, p) = 1, we have that it must divide λn,k.
From q 6= 1, {|qk′− p| | k′ ∈ Z} ⊆ (qZ− p) ( Z, we obtain that the number of couples (n′, k′) such
that 4n′|k′ − b| = λbn,k is bounded above by 2d(λbn,k/4), where d(n) denotes the number of divisors of
n. In fact, if |k′ − b| = d1 for some d1 ∈ Q divides λbn,k/4, then n′ = λbn,k/(4d1). Observe that, due
to the presence of a non integer b in the term |k − b|, not all the possible divisors can be considered.
However, if a k′ > b can be taken, then there exists a k′′ < b that will give an additional couple (k′′, n′).
Case 3, b ∈ Z: In this case, equation (3.6) reduces to 4n′|k′ − b| = λn,k. Then, for any (n, k) with
k 6= b, a simple computation shows that λbk,n+b = λbn,k+b = λbn,−k+b = λbk,−n+b. If n|k| is even, the
combination n = k = λKn,k+K/8 is repeated twice. This proves formula (2.4). Finally, this degeneracy
cannot be achieved for b ∈ Q \Z. In fact, it would require Z ∋ k′ = (qn+ p)/q which is impossible for
(q, p) = 1.
Corollary 2.6 suggests that in the limit b→ k, the number of eigenvalues in a finite interval explodes.
Corollary 2.8 makes this statement more precise, namely
• for any fixed k ∈ Z and for any n ∈ N, the spacing |λbn,k − λbn−1,k| → 0 as b→ k;
• for any fixed interval I = [x1, x2] ⊂ [0,∞) and any N ∈ N, #{n ∈ N | λbn,k ∈ I} ≥ N as b→ k.
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Proof of Corollary 2.8 (Corollary of Theorem 2.5). Observe that
|λbn,k − λbn−1,k| = 4|k − b|. (3.7)
Taking the limit for k → b in the above yields immediately the first statement.
To prove the second statement, assume without loss of generality k ≥ 0 and define
L(b) :=
⌈
x1
4|k − b|
⌉
, R(b) :=
⌊
x2
4|k − b|
⌋
.
Then λbL(b),k ≥ x1 and λbR(b),k ≤ x2. If now |k − b| ≤ x2−x14(N+1) , by (3.7) we have
#{λbi,k | L(b) ≤ i ≤ R(b)} ≥ N.
This completes the proof of the second statement and hence of the corollary.
This limiting process affects also the eigenfunctions. Theorem 2.9 describes how the spectrum of the
k-th Fourier components accumulates in the limit b → k and gives rise to the absolutely continuous
part of the spectrum.
Proof of Theorem 2.9. Recall that ψbn,k(x, θ) = e
ikθWn, 1
2
(|k− b|x2)/x. Since without loss of generality
we can assume k = 0, to complete the proof it suffices to show that
Wnj , 12
(|bj |x2)→
√
λx
2
J1(
√
λx). (3.8)
Let us recall the following classical results (see resp. [26] and [7]).
Wn,1/2(z) = (−1)n−1ze−
1
2
zL1n−1(z),
lim
n→∞n
−αL1n(x/n) = x
− 1
2
αJα(2
√
x).
Here Lαn is the generalised Laguerre polynomial of degree n with parameter α and the limit is in the
sense of uniform convergence on compact sets.
Define nj := 2j and bj := λ/4(nj + 1) so that λ
bj
nj+1,0
= λ for all j > 0. Then
lim
j→∞
Wnj , 12
(|bj |x2) = lim
j→∞
λnjx
2
4(nj + 1)
exp
(
− 1
2nj
λnjx
2
4(nj + 1)
)
n−1j L
1
nj
(
1
nj
λnjx
2
4(nj + 1)
)
=
√
λx
2
J1(
√
λx).
This completes the proof of (3.8).
4 Proofs of the results on the Grushin sphere
As for the Grushin cylinder, we can separate the space using the orthonormal eigenbasis of S1 get-
ting L2(S+, dω) =
⊕∞
k=−∞H
S+
k , where H
S+
k ≃ L2([0, π/2), tan(x)dx). On each HS+k the operator
separates as
∆˜k := ∂
2
x −
1
sin(x) cos(x)
∂x − tan2(x)k2.
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4.1 Spectral properties of the Laplace-Beltrami operator
We can mimic the steps presented in Section 3.1 to analyse the spectrum of ∆.
Proof of Theorem 2.3. We look for solutions φ ∈ HS+k of the eigenvalue equation −∆˜kφ(x) = λφ(x).
Since k appears in ∆˜k only squared, the eigenvalues are symmetric with respect to k = 0. To simplify
the notation, in the following we will assume k ≥ 0. The same considerations hold for k < 0 by replacing
k with |k|.
With the change of variables z = cos(x)2 and writing φ(x) = (−z)k2ϕ(z), the eigenvalue equation
becomes
4(−z)k2
(
z(1 − z)∂2zϕ(z) + (1 + k)(1 − z)∂zϕ(z) +
λ
4
ϕ(z)
)
= 0.
The equation in bracket is a particular example of the well-known Euler’s hypergeometric equations. Two
linearly independent solutions can be found in terms of Gauss Hypergeometric Functions F (a, b; c; z)
(see [7, Vol. 1, Ch. 2]) as follows:
φ1(x) = i
−k cos(x)−kF
(
−k
2
−
√
λ+ k2
2
,−k
2
+
√
λ+ k2
2
; 1− k; cos(x)2
)
,
φ2(x) = i
k cos(x)kF
(
k
2
−
√
λ+ k2
2
,
k
2
+
√
λ+ k2
2
; 1 + k; cos(x)2
)
.
Notice here that in the case k2 ±
√
λ+k2
2 , k−1 ∈ N0 the first solution is not defined, in fact we are in the
so called degenerate case and the only regular solution is φ2. Therefore we do not need to introduce
the other corresponding linearly independent solution.
A solution is an eigenfunction of the Laplace-Beltrami operator if it is in H
S+
k . For this to be
true, the solutions has to be square-integrable near 0 with respect to the measure dω := tan(x)−1dx.
Equivalently, the solutions have to be O(x) as x→ 0 and, in particular, they must vanish at zero.
Let us recall that
φ1 (0) = i
−k Γ(1− k)
Γ
(
−k2 −
√
k2+λ
2 + 1
)
Γ
(
−k2 +
√
k2+λ
2 + 1
) , (4.1)
φ2 (0) = i
k Γ(k + 1)
Γ
(
k
2 −
√
k2+λ
2 + 1
)
Γ
(
k
2 +
√
k2+λ
2 + 1
) . (4.2)
To see that φ1(0) 6= 0 if k ≥ 1, it is enough to notice that
±k
2
+
√
k2 + λ
2
≥ 0 for all k ∈ N0 and λ ∈ R0+.
By the previous considerations, φ1 /∈ HS+k for k ≥ 1. Since k = 0 corresponds to the degenerate case,
where the two solutions coincide, in the following we consider only φ2.
By (4.2), in order for φ2(0) = 0 to hold there has to exist n ∈ N0 such that λ satisfies
k
2
+ 1−
√
k2 + λ
2
= −n.
Solving the above for λ, yields the following expression for the candidate eigenvalue
λ = λ+k,n := 4(1 + n)(1 + n+ k).
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In order to prove that the candidate eigenvalues λ+k,n are indeed eigenvalues, we check the order
of convergence of the solutions. For this purpose we use the well-known identity [29, 15.2(ii)] for
a = −m ∈ Z−∪ {0}, b > 0 and c 6∈ Z−∪ {0}
F (−m, b; c; z) =
m∑
ℓ=0
(−1)m
(
m
ℓ
)
(b)ℓ
(c)ℓ
xℓ. (4.3)
Replace the values of the parameters for φ2 in the above, and set λ = λ
+
k,n, to obtain
F
(
−(n+ 1), n + k + 1; k + 1; cos(x)2
)
=
n+1∑
ℓ=0
(−1)n+1
(
n+ 1
ℓ
)
(n+ k + 1)ℓ
(k + 1)ℓ
cos(x)2ℓ.
I.e. φ2 and his derivative have the correct behaviour at 0 and are regular at π/2, proving that λ
+
k,n are
indeed eigenvalues.
In order to obtain the expression of the eigenvalues and eigenfunctions given in the statement, it
suffices to replace n+ 1 with n in the definition of λbn,k. The theorem then follows by the symmetry of
the problem with respect to k = 0.
We are now in a position to derive the Weyl’s law for the Laplace-Beltrami operator of the Grushin
sphere.
Proof of Corollary 2.4. By the symmetry of the eigenvalue problem with respect to k = 0, it follows
that N(E) = 2 ·#{k ∈ N, n ∈ N | λn,k ≤ E} + #{n ∈ N | λn,0 ≤ E}. Let N0(E) be the counting
function for this second sum. It is easy to see that λ(0, n) ≤ E for n ∈
[
0, ⌊√E/2⌋
]
. Therefore
N0(E) = O(
√
E).
Let N+(E) be the counting function for positive values of k and define
K(n) :=
E − 4n2
4n
. (4.4)
A simple computation shows that λ(k, n) ≤ E if and only if 0 < k ≤ ⌊K(n)⌋ . Additionally, notice that
if n > ⌊√E/2⌋ =: η1(E), then K(n) < 0.
The simple bound ⌊K(n)⌋ ≤ # {k ∈ [0,K(n)] ∩ N} ≤ ⌈K(n)⌉, now implies that
η1(E)∑
n=1
⌊K(n)⌋ ≤ N+(E) ≤
η1(E)∑
n=1
⌈K(n)⌉.
Due to the asymptotic estimate (3.5), we immediately get that, as E → +∞,
N(E) = 2N+(E) +N0(E) = 2
η1(E)∑
n=1
K(n) +O(
√
E)
=
E
2
η1(E)∑
n=1
1
n
− 2
η1(E)∑
n=1
n+O(
√
E)
=
E
2
(
log(
√
E/2) + γ
)
− E
4
+O(
√
E)
=
E
4
log(E) +
(
γ − log(2)− 1
2
)
E
2
+O(
√
E).
14
Figure 4.1: Degeneracy (halved) of the first 4.893.535 eigenvalues (namely λn,k < 3 · 106). Observe that only
one of those eigenvalues attains the higher multiplicity of 110, far below than our upper bound.
It follows from Theorem 2.3 that for k 6= 0 the operator ∆˜k acting on Hk presents an infinite amount
of eigenvalues accumulating at infinity that can be explicitly described by
σd(Hk) := {λn,|k| = 4(1 + n)(1 + n+ |k|) | n ∈ N, k ∈ Z}.
Due to the symmetry with respect to k of λn,|k|, all the eigenvalues are at least double degenerate.
Moreover, this degeneracy must be finite. Indeed, it is enough to observe that each operator has a
ground state of energy greater than λ1,|k| = 4(|k| + 1), and that the function n 7→ λn,|k| is increasing
in n ∈ N.
The degeneracy of an eigenvalue λ can be easily bounded above by (λ − 4)/2, but this is far from
being optimal. In fact, the computation of the first five million eigenvalues (see Figure 4.1) suggests
the growth of the degeneracy to be irregular and slow as in the case of the Grushin cylinder (see
Theorem 2.7).
Unfortunately, it is not possible to obtain a more precise description of the degeneracy with the simple
techniques employed in Theorem 2.7. Indeed, in this case the problem reduces to counting the number
of solutions of a non-linear Diophantine equation, which is well-known to be an hard problem.
4.2 Aharonov-Bohm effect
The magnetic Laplace-Beltrami operator induced by the magnetic vector potential Ab = −ib dφ, b ∈ R,
on S◦+ is given in (2.6). Its domain is the closure of C∞c (S◦+) with respect to the Sobolev normW
1,2
0 (S
◦
+).
Its Fourier components are
∆˜bk = ∂
2
x −
1
sin(x) cos(x)
∂x − tan(x)2(k − b)2.
Theorem 2.10 follows immediately from the arguments of Theorem 2.3 with k replaced by k − b.
Proof of Corollary 2.11. Without loss of generality, we can assume b ∈ (−1/2, 1/2), i.e. κ = 0. If
b = 0, the statement reduces to the one of Corollary 2.4. Assume, by the symmetry of the eigenvalue
expression, that b < 0.
As in the proof of Corollary 2.4, we split the counting function in two components N−(E) and
N+(E), depending on wether k is smaller or bigger than b. The estimates on N+(E) and N−(E) are
then obtained following the proof of Corollary 2.4 with
K(n) =
E − 4n2
4n
+ |b|.
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Since the sum has to be computed for n ≤ η1(E) :=
⌊
|b|+
√
E+|b|2
2
⌋
, it is easy to see that b only appears
(linearly) in the O(
√
E) term. Since |b| ≤ 1/2 this completes the proof.
As already anticipated in the previous section, the degeneracy of the spectrum for the Grushin sphere
seems to be of similar nature as for the Grushin cylinder, at least from a numerical point of view, but
having a precise control on it is much more involved and probably not possible at present. Nevertheless,
one can still prove that the degeneracy is very unstable with respect to the parameter b and, in particular,
that the spectrum is simple for b ∈ R \ Q and finitely degenerate for b ∈ Q. This is summarised in
Corollary 2.11 and it follows from an argument very close to the one in the proof of Corollary 2.7.
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